Abstract We consider the nonlinear Schrödinger equation on complete Riemannian manifold (IR n , g)(n ≥ 3).
Introduction

Notations
Let O be the original point of IR n (n ≥ 3) and r(x) = |x|, x ∈ IR n (1.1) be the standard distance function of IR n . Moreover, let ·, · , div , ∇, ∆ and I n = (δ i,j ) n×n be the standard inner product of IR n , the standard divergence operator of IR n , the standard gradient operator of IR n , the standard Laplace operator of IR n and the unit matrix.
Suppose that (IR n , g) is a smooth complete Riemannian manifold with g = n i,j=1 Let D be the Levi-Civita connection of the metric g and H a vector field, then the covariant differential DH of the vector field H is a tensor field of rank 2 as follow:
For any y ∈ IR n and any a > 0, we define B(y, a) = {x|x ∈ IR n , |x − y| ≤ a}.
(1.6) Let S(r) be the sphere in IR n with a radius r. Then X, ∂ ∂r = 0, for X ∈ S(r) x , x ∈ IR n \O.
(1.7)
Finally, we set div g , ∇ g and ∆ g as the divergence operator of (IR n , g), the gradient operator of (IR n , g) and the Laplace−Beltrami operator of (IR n , g), repsectively.
Nonlinear Schrödinger equation
We consider the following system. iu t + ∆ g u + ia(x)u − |u| p−1 u = 0 (x, t) ∈ IR n × (0, +∞),
where 9) and a(x) ∈ C 2 (IR n ) is a nonnegative real function satisfying (1.14)
Let L 2 (IR n ) be the closure of C ∞ 1 (IR n ) with respect to the tolopogy 15) and H 1 (IR n ) be the closure of C ∞ 2 (IR n ) with respect to the tolopogy
( 1.16) For the free Schrödinger equation on Riemannian manifold, many strichartz estimates and local energy estimates are given by [6, 8, 9, 11, 12, 23, 28, 34, 39, 43, 44] under the non-trapping assumption and the assumption of an Euclidean metric at infinity. There is also a huge literature for the closely estimates of solutions for the wave equation (see [10, 27, 32, 37, 38, 42] and references therein).
For the linear damped Schrödinger equation on Riemannian manifold, the local energy decay in an exterior domain has been proved in [1, 2, 3, 4, 13, 31, 41] and many others under the geometric control condition (see [5, 40] ). Under the non-trapping condition of an exterior, an exponential decay for the global energy is proved in [7] for the solution of the Schrödinger equation with a dissipation effective on a neighborhood of the infinity. For the nonlinear damped Schrödinger equation on compact manifold or Euclidean space, many stability results are given by [14, 15, 17, 18, 19, 20, 21, 25] and references therein. Such results are also based on the non-trapping assumption or geometric control condition.
The non-trapping assumption and geometric control condition are very closely related to the geodesic escape. Since the geodesic depends on the nonlinear ODE, they are hard to check. On the other hand, the non-trapping assumption and geometric control condition are not sufficiently to derive Morawetz estimates for hyperbolic equations on global space. Different for the existing studies, without non-trapping assumption and geometric control condition, we in view of the metric g to develop Morawetz estimates for the free Schrödinger equation (a(x) ≡ 0 in (1.8)) and we not only prove exponential stabilization of the system (1.8) with a dissipation effective on a neighborhood of the infinity, but also prove exponential stabilization of the system (1.8) with a dissipation effective outside of a unbounded domain.
As is known, the multiplier method is a simple and effective tool to deal with the energy estimate on PDEs. In particular, the celebrated Morawetz multipliers introduced by [35] have been extendedly used for studying the energy decay of the wave equation with constant coefficients, see [24, 32, 33, 36] and many others. For the bounded domain, Yao [45] developes Morawetz multipliers for the wave equation with variable coefficients, which is a powerful tool in the analysis of systems with variable coefficients and has been extended by [16, 46, 48] and many others were introduced by [47] . However, how to establish the Morawetz estimates on noncompact Riemannian manifold is still a open problem. Therefore, one purpose of this paper is to establish Morawetz estimates on complete noncompact Riemannian manifold.
The organization of our paper goes as follows. In Section 2, we will state our main results. Then some multiplier identities and key lammas for problem (1.8) will be present in Section 3. We will show Morawetz estimates for the nonlinear Schrödinger equation without dissipation in Section 4. Then proofs of stabilization of the nonlinear Schrödinger equation with dissipation effective on a neighborhood of the infinity will be present in Section 5. At last, in Section 6, we will prove stabilization of the nonlinear Schrödinger equation with dissipation effective outside of an unbounded domain.
Main results
Well-posedness discussion
It is well-known that the system (1.8) is subcritical and has been studied extensively in the Euclidean geometry for large classes of nonlinearities, see the books [22, 26] , and the references therein. On the hyperbolic spaces, well-posedness and scattering of the system (1.8) without dissipation have been proved in [29, 30] . Therefore, we assume the system (1.8) is also well-posed for general noncompact Riemannian manifold, that is, throughout the paper, we assume the following assumption holds true.
Assumption (S)
The system (1.8) is well-posed such that
Morawetz estimates for the nonlinear Schrödinger equation without dissipation
Assumption (A) Assume that
where α(x) is a nonnegative function.
Remark 2.1 (2.3) implies r(x) = |x| is the geodesic distance function of (IR n , g) from x to the original point O.
Remark 2.2 It follows from the following (4.6) and (4.7) that
Theorem 2.1 Let Assumption (A) hold true. Then there exists a positive constant C such that for the dimension n = 3,
7)
and for the dimension n ≥ 4 ⊂ IR n such that
for some 0 < ε 0 < R 0 and for any ǫ > 0, there exists C ǫ such that
there exist positive constants C 1 , C 2 , which are dependent on E 0 , such that
Stabilization of the nonlinear Schrödinger equation with dissipation effective outside of an unbounded domain
14)
Theorem 2.3 Let Assumption (C) hold true. Then there exist positive constants
Multiplier Identities and Key Lammas
We need to establish several multiplier identities, which are useful for our problem.
Lemma 3.1 Let Ω ⊂ IR n be a bounded domain with smooth boundary. Suppose that u(x, t) solves the following equation:
is a time-varying vector field defined on Ω, where the real
where ν is the outside unit normal vector for each x ∈ ∂Ω and
Moreover, assume that the real function
Proof. Firstly, we multiply the Schrödinger equation in (3.1) by H(ū) and integrate over Ω × (0, T ). We deduce that
and
The equality (3.2) follows from Green's formula. In addition, we multiply the Schrödinger equation in (3.1) by Pū and integrate over Ω × (0, T ). We deduce that
and Re ia(x)u − |u| p−1 u P u = Re ia(x)P |u| 2 − P |u|
The equality (3.4) follows from Green's formula.✷ The following lemma will be utilized frequently in our subsequent proof.
where r(x) = |x − x 0 |.
Then, we deduce that
The following lemma shows the relationship between the metric g and geometric control condition.
Lemma 3.3
Let Ω ⊂ IR n be a bounded domain and x 0 ∈ IR n be a fixed point. Assume that there exists δ > 0 such that
where r(x) = |x − x 0 |. Then, for any x ∈ Ω and any unit-speed geodesic γ(t) starting at
Proof. Let H(x) = x − x 0 . It follows from (3.11) that
Note that |γ
Morawetz estimates for the nonlinear Schrödinger equation without dissipation Lemma 4.1 Let u(x, t) solve the system (1.8). Then
Proof. Multiply the Schrödinger equation in (1.8) by 2ū and integrate over IR n × (0, T ), we have
Multiply the Schrödinger equation in (1.8) by 2ū t and integrate over IR n × (0, T ), we obtain
Let P = a(x) and Ω = B(O, a) in (3.4). Substituting (3.4) into (4.4), letting a → +∞, we obtain
Proof. Note that
With (3.11), we obtain Re ∂u ∂ν 
Note that With (4.12), we obtain for the dimension n = 3, 14) and for the dimension n ≥ 4
It follows from (2.2), (4.1) and (4.2) that
The estimates (2.7) and (2.8) follows from (4.14) and (4.15).
Stabilization of the nonlinear Schrödinger equation with dissipation effective on a neighborhood of the infinity
From Lemma 3.3, the following lemma holds true.
Lemma 5.1 Let Assumption (B) hold true. Then, there exists t 0 > 0, for any x ∈ N k=1 B(x k , R 0 ) and any unit-speed geodesic γ(t) starting at x, there exists t < t 0 such that
Lemma 5.2 Let Assumption (B) hold true. Let u(x, t) solve the system (1.8). Then
for sufficiently large T .
Proof. Denote
for a > 0. Let b(z) be a smooth nonnegative function defined on [0, +∞) satisfying
Let H(x) be a vector field on B(R 0 ) satisfying
It follows from (2.10) and (3.11) that for 1
Let H = H and Ω = B(R 0 ) in (3.2). From (3.2), we have
and Ω = B(R 0 ) in (3.4). Substituting (3.4) into (5.8), we obtain
With (4.1) and (4.2) we deduce that 12) and
Substituting (5.12) and (5.13) into (5.11), for T > 4C, with (2.12), we have
The estimate (5.2) holds true.
Lemma 5.3 Let Assumption (B) hold true and let T be sufficiently large. Let u(x, t) solve the system (1.8). Then for any u 0 L 2 (IR n ) ≤ E 0 , there exists positive constant
for a > 0. We apply compactness-uniqueness arguments to prove the conclusion. It follows from (5.2) that
Then, if the estimate (5.15) doesn't hold true, there exist u k
Thus,
Therefore, there existsû 0 and a subset of u k
, such that 20) and
Case a:
It follows from (1.10), (4.1), (4.2), (5.19) that there exists C(T ) > 0 such that
Note that
Therefore, it follows from (5.23) that
Hence, there exists a subset of u k
, such that
It follows from (5.18) that
Therefore, with (5.20) and (5.30), we obtain
With (5.1), it follows from Theorem 4 in [25] that
which contradicts (5.22).
where
Therefore, It follows from (5.17) that
Hence, there exists v 0 and a subset of v k
It follows from (1.10), (4.1), (4.2) that there exists C(T ) > 0 such that
With (5.35) and (5.40), we obtain
Let q, q * be given by (5.24) . Note that
Therefore, it follows from (5.45) that
With (5.34) and (5.36), we obtain
It follows from (5.39) that
Therefore, It follows from (5.37), (5.42) and (5.49) that
Employing Holmgrens uniqueness theorem, it follows from (5.1) that is decreasing. Hence, with (5.15), we obtain
for any S ≥ 0. It follows from (4.1) and (4.2) that
Therefore, with (5.54), we deduce that
For sufficiently large M , with (2.12) we have
From (5.58), we obtain
It follows from (1.10), (4.1), (4.2) and (5.59) that there exists C(T ) > 0 such that
With (5.61), E(t) is exponential decay. Hence, there exist
Stabilization of the nonlinear Schrödinger equation with dissipation effective outside of an unbounded domain Lemma 6.1 Let x 0 ∈ IR n be a fixed point and let R 0 , ε 0 be positive constants satisfying ε 0 < R 0 . Assume that
Proof. Let b(z) be a smooth nonnegative function defined on [0, +∞) satisfying
Let H(x) be a vector field on B(x 0 , R 0 ) satisfying
Therefore, integrate over B(x 0 , R 0 ), we obtain
The estimate (6.2) holds true. ✷ Lemma 6.2 Let Assumption (C) hold true. Let u(x, t) solve the system (1.8). Then
It follows from (2.15), (2.16) and (3.11) that for 1 ≤ k < +∞ 
